In this paper we study almost primary elements as a new generalization of primary and weakly primary elements in multiplicative lattices. Various properties of almost primary elements are considered.
Introduction
A multiplicative lattice L is a complete lattice in which there is defined a commutative, associative multiplication which distributes over arbitrary joins and has compact greatest element 1 L (least element 0 L ) as a multiplicative identity (zero). For L a multiplicative lattice and a ∈ L, L/a = {b ∈ L : a ≤ b} is a multiplicative lattice with multiplication c • d = cd ∨ a. An element a ∈ L is said to be proper if a < 1 L . An element p < 1 L in L is said to be prime if ab ≤ p implies a ≤ p or b ≤ p. An element m < 1 L in L is said to be maximal if m < x ≤ 1 L implies x = 1 L . An element p < 1 L in L is said to be weakly prime if 0 L = ab ≤ p implies a ≤ p or b ≤ p (See [5] ). 
L * denotes the set of all compact elements of a multiplicative lattice L. A complete multiplicative lattice (not necessarily modular) with the least element 0 L and compact greatest element 1 L (a multiplicative identity) which is generated under joins by a multiplicatively closed subset C of compact elements is called C−lattice. Like the ideal lattice of a ring, any C−lattice can be localized at a multiplicatively closed set.
The concept of almost prime ideals, almost primary ideals, weakly prime elements, weakly primary elements, weakly primary ideals, prime and primary submodules were introduced in [1] [2] [3] [4] [5] , [7] [8] [9] . For various characterizations of almost prime elements of multiplicative lattices the reader is referred to [5] . 
Almost primary elements in multiplicative lattices
We can extend this definition to an n−almost primary element.
Clearly, a primary element is an n−almost primary element for all n ≥ 2. However, since 0 L is always almost primary(by definition), an almost primary element does not need to be primary (See [8] ).
Example 1. Every idempotent element and weakly primary element is almost primary.
For the proof of the following lemma, the reader is referred to [5] .
Theorem 1. Let L be a C−lattice and p ∈ L.
Then the following statements are equivalent: 
as c is almost primary. This is a contradiction. Since c is weak join principal and ac
≤ c 2 , it follows that a ≤ c ∨ (0 L : c) = c, a contradiction.Proof. ⇒: Assume that p is almost primary. Let 0 L/p 2 = c • d ≤ p in L/p 2 , so cd ≤ p but cd ≤ p 2 . Hence either c ≤ p or d ≤ √ p since p
Proposition 2. Let a, b, p ∈ L be elements such that a ≤ b ≤ p. Ifp is almost primary in L/b, thenp is almost primary in L/a.

Proof. Let c • d ≤p and c
• d ≤p 2 in L/a. Then cd ∨ a ≤ p and cd ∨ a ≤ p 2 . Hence, cd ∨ b ≤ p and cd ∨ b ≤ p 2 . Therefore, c • d ≤ p and c • d ≤p 2 in L/b. Consequently, either c ≤p or d ≤ √p .
Proposition 3. Let L be a C−lattice and p be an element of L. Suppose m is a maximal element of L. If p is an n−almost primary element, then p (m) is an n−almost primary element of L (m) .
Proof. Suppose that
. Then there exists a compact element u ≤ m such that uxy ≤ p, and uxy ≤ p n . As p is an n−almost primary element, it follows that either x ≤ p or uy ≤ √ p. Hence either
The following lemma is known (See [9] ).
Lemma 3. Let L 1 and L 2 be multiplicative lattices and let
Then the following hold:
Proof. For the proof of the first assertion assume,
and only if y has one of the following forms:
The second assertion is proved similarly. 
is idempotent, then it is almost primary, since every idempotent is almost primary. The remaining proof follows from Lemma 4. 1 , a 2 , . .., a n in L 1 and b 1 , b 2 
is an almost primary element. Again if (x, y) is of the form (1 L 1 , b) , then then by Lemma 6, it is a finite product of almost primary elements. Suppose (x, y) is of the form (a, b), where a < 1
which is a finite product of almost primary elements. ⇐: Conversely, assume that every proper element of L 1 × L 2 is a finite product of almost primary elements. Let a be a proper element of L 1 
So by hypothesis and Lemma 6, there exist almost primary elements a 1 , a 2 
